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Abstract In this paper, we have introduced Smarandache quasigroups which are Smaran- 
dache non-associative structures. W.B.Kandasamy [2] has studied Smarandache groupoids 


and Smarandache semigroups etc. Substructure of Smarandache quasigroups are also studied. 
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1. Introduction 


W.B.Kandasamy has already defined and studied Smarandache groupoids, Smarandache semi- 
groups etc. A quasigroup is a groupoid whose composition table is LATIN SQUARE. We define 


Smarandache quasigroup as a quasigroup which contains a group properly. 


2. Preliminaries 


Definition 2.1. A groupoid S such that for all a, b € S there exist unique x, y € S such that 
ax = 6 and ya = 6 is called a quasigroup. 
Thus a quasigroup does not have an identity element and it is also non-associative. 


Example 2.1. Here is a quasigroup that is not a loop. 


Oe ed Od 


opr wm] w]e] w 


PPM] wo] &] ory ot 


of B&lwlrmfe 
wlroa}ep]rmole|}w 
BlwlalRelwolaA 


We note that the definition of quasigroup Q forces it to have a property that every element of Q appears 
exactly once in every row and column of its operation tables. Such a table is called a LATIN SQUARE. 
Thus, quasigroup is precisely a groupoid whose multiplication table is a LATIN SQUARE. 

Definition 2.2. If a quasigroup (Q,*) contains a group (G,*) properly then the quasigroup is 
said to be Smarandache quasigroup. 


A Smarandache quasigroup is also denoted by S-quasigroup. 
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Example 2.2. Let Q be a quasigroup defined by the following table; 


ao a1 a2 a3 a4 


ao ao ay a3 a4 a2 


ay ay ao a2 a3 a4 


a2 a3 a4 ay a2 ao 


a3 a4 a2 ao ay a3 


a4 a2 a3 a4 ao ay 


Clearly, A = {ao, ai} is a group w.r.t. * which is a proper subset of Q. Therefore Q is a Smarandache 
quasigroup. 

Definition 2.3. A quasigroup Q is idempotent if every element x in Q satisfies x * x2 = a. 

Theorem 2.1. If a quasigroup contains a Smarandache quasigroup then the quasigroup is a 
Smarandache quasigroup. 

Proof. Follows from definition of Smarandache quasigroup. 


Example 2.3. (Q, x) defined by the following table is a quasigroup. 


1 
1 
4 
2 
3 


Pile] Dw] w] pw 
Nl w]eRe | |] w 


4 
2 
3 
1 
4 


Eel w]lnm |] rR 


(Q, *) is an idempotent quasigroup. 
Definition 2.4. An element x in a quasigroup Q is called idempotent if x.2 = a. 


Consider a quasigroup; 


oo}; BR lw]lm]e 
mo] ele] ofw]rR 
wlyo};sye]mole]w 
o}ye |] rm ]lo] BB] ow 
Blowlole|]wo] sz 
elm lwl] wa ]oloa 


Here 2 is an idempotent element. 
Example 2.4. The smallest quasigroup which is neither a group nor a loop is a quasigroup of 


order 3 as given by the following table; 


gq | q2 | 93 


qi | 1 | G2 | 43 


q2 | 93 | G1 | 2 


q3 | g2 | 93 | G1 
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3. A new class of Quasigroups 


V.B.Kandasamy [2] has defined a new class of groupoids as follows; 

Definition 3.1. Let Z, = {0,1,2,---,n—1}, n > 3. Fora, b © Z, define a binary operation x 
on Z, as: ax b= ta+ ub (mod n) where t, u are two distinct element in Z,, \ {0} and (t, u) = 1. Here 
+ is the usual addition of two integers and ta means the product of two integers t and a. We denote 
this groupoid by Z,(t, wu). 

Theorem 3.1. Let Z,(t,u) be a groupoid. If n = t+ u where both t and wu are primes then 
Zn(t, u) is a quasigroup. 

Proof. When ¢ and u are primes every row and column in the composition table will have distinct 
n element. As a result Z,(t, u) is a quasigroup. 

Corollary 3.1. If Z,(t, wu) is a groupoid and t+ u =p, (t,u) = 1 then Z,(t,u) is a quasigroup. 

Proof. Follows from the theorem. 

Example 3.1. Consider Z; = {0,1,2,3,4}. Let = 2 and u=3. Then 5 = 2+ 3, (2,3) = 1 and 


the composition table is: 


Blwlrmolelo 
wlelaAlrwmlolo 
Bl Blo lolwleH 
Blwoloflwlr)]rw 
wlolwlel]wA]w 
OflwlHel]pAlrwml aA 


Thus Z5(2,3) is a quasigroup. 

Definition 3.2. Let Z, = {0,1,2,--- ,n—1}, n> 3, < oo. Define x on Z, asa*xb=ta+ub 
(mod n) where t and u € Z, \ {0} and t = u. For a fixed integer n and varying t and wu we get a class 
of quasigroups of order n. 

Example 3.2. Consider Z; = {0,1,2,3,4}. Then Z5(3,3) is a quasigroup as given by the 
following table: 


BlwlmlR|o 
Nl RTE }]wlolo 
O}}/ml] Pfr] wfe 
wlo};ljwm{l] Ale] w 
PIlwlolml] A ]w 
Ble} wlo};wl] sé 


Definition 3.3. Let Zn = {0,1,2,--- ,n—1}, n> 3, < oo. Define * on Z, asa*xb=ta+ub 
(mod n) where ¢t and u € Z,, \ {0} and t= 1 and u=n-—1. For a fixed integer n and varying t and u 


we get a class of quasigroups of order n. 
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Example 3.3. Consider Zg = {0,1,2,3,4,5,6, 7}. Then %g(1,7) is a quasigroup as given by the 
following table: 


* 


aloafla;Alwl]mw}leto 
aloaflafAR}lwl]mw}lRelojsjo 
alaleRflwlwm]|elofraye 
ofmlowfmwoleElolrniloaspr 
Blwlmolelolraflala|w 
wlwnleEflolraljalas;aA ys. 
NVlFlolralalas Alwi]a 
PlolrjalalA;lwlrula 
OlNlaflalARlwl]wfejrn 


Definition 3.4. Let Z, = {0,1,2,--- ,n—1}, n> 3, < oo. Define * on Z, asa*xb=ta+t+ub 
(mod n) where ¢ and u € Zp \ {0} and (t,u) = 1, t+u =n and |t — uj is a minimum. For a fixed 
integer n and varying t and u we get a class of quasigroups of order n. 

Example 3.4. Consider Zg = {0,1,2,3,4,5,6, 7}. Then Zg(3,5) is a quasigroup as given by the 
following table: 


* 


oO ITNT RT RT OlTwlol}]o 


OPEN PPR IL al wloy]oayjyr 


Bl | al wl]o}]yo;yn sy ny]w 


PTLD wlroy;oulnwNmIlnNn) &] se 


a/AKRleEloalwlolasljrwl]yr 
alwloljaflwilJralalela 
wlofalmwl[ralaleE lala 
oflalwe lala le lalwln 


NI] QD] opel wolrwlrRjio 


Definition 3.5. Let (Q,*) be a quasigroup. A proper subset V of Q is called a subquaisgroup 
of Q if V itself is a quasigroup under *. 


Definition 3.6. Let Q be a quasigroup. A subquaisgroup V of Q is said to be normal subquais- 
group of Q if: 


1.aV=Va 
2. (Vx)y = V(ay) 
3. y(wV) = (yx)V 


for alla, xz, yE€Q. 
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Example 3.5. Let Q be a quasigroup defined by the following table: 


* 


NE] OO] opm] BP] wl mle r 


Cory] RD] orp wls mle] &] we 


COULD |] COIN NTR] eR] w]w 


Di_olynN}]ofrrli Pl wl] wo] es 


Bel_wlmy rR | o]nN ] ory am |] o 


PPR lL wl, nwel nt] olny] ayo 


MPR] ee] wo]oyatl;n s]oyrnNn 
wWlmlre |] &}] am] ov} co} N ] 


CO} DoT] wl wpeyTr 


Here V = {1,2,3,4} is a normal subquasigroup of Q. 
Definition 3.7. A subquasigroup is said to be simple if it has no proper nontrivial normal 


subgroup. 


4. Substructures of Smarandache Quasigroups 


Definition 4.1. Let (Q,*) be a Smarandache quasigroup. A nonempty subset H of Q is said to 
be a Smarandache subquasigroup if H contains a proper subset K such that k is a group under +. 
Example 4.1. Let Q = {1,2,3,4,5,6,7,8} be the quasigroup defined by the following table: 


* 


Bel_w}lrm yr | co}; NN] or] mm ] o 


el eT wl Nol nN |] ola] ola 


SI) CO}; oT oO] BP] w]e Re te 
COl;nN!] Dy] oypwl Piri wely 
orlT Mm |] ol NIPwfe_ Rl _ SP] wl] w 
Dl olyn] or iawmol wolfe] eS 
OP rR _ e}_ wlolaln |] woyn 
wWwlrmlrRe]y ek] Ds] ot} o}]n |] oo 


Cort] OD] ou; eR] w]e] eR 


Consider S = {1,2,3,4} then S is a subquasigroup which contains a group G = {1,2}. Therefore S' is 
a Smarandache subquasigroup. 
Example 4.2. There do exist Smarandache quasigroup which do not posses any Smarandache 


subquasigroup. Consider the quasigroup Q defined by the following table: 


* 


wl ele loalole 
wlofle}rwo]le rw 
ofe fw] w] Aw] ow 
Blowolalelrwl]aA 
eBElrwmolwlAlata 


1 
2 
3 
4 
5 


18 Arun S. Muktibodh No. 1 


Clearly, Q is Smarandache quasigroup as it contains a group G = {2}. But there is no subquasigroup, 
not to talk of Smarandache subquasigroup. 

Definition 4.2. Let Q be a S-quasigroup. If A C Q is a proper subset of Q and A is a subgroup 
which can not be contained in any proper subquasigroup of Q we say A is the largest subgroup of Q. 


Example 4.3. Let Q = {1,2,3,4,5,6,7,8} be the quasigroup defined by the following table: 


* 


Bel_w])m] rR | co] nN] ory am] o 


PT eI L _ wl Nnlrn] aol as] ala 


CO; N]T RD] ol; RP] wl nwotr 

NI} CO}; oPam] Pl] wlwmol Retr 
COIN! DA]ol;lwfy PTR wlw 
orl, mM | OI NI wofp_Ri LP] wl] w 
HD} orlj~n] ofl rR] wo]L_ wo] PTB 
OTe | ee} wolyolTa!] nN |] oyn 
wml rR |] & |] my] ov} oo} nN] oo 


Clearly, A = {1, 2,3, 4} is the largest subgroup of Q. 

Definition 4.3. Let Q be a S-quasigroup. If A is a proper subset of Q which is subquasigroup of 
Q and A contains the largest group of Q then we say A to be the Smarandache hyper subquasigroup 
of Q. 

Example 4.4. Let Q be a quasigroup defined by the following table: 


* 


NI | OO] oP as] Pl wlwmolrRe fre 


Oly, RD] orpwls PLR] ww] wy 


COUL®D | COIPNPwyT rR _ wo!) we] w 


Dl]oy;n]oyryiIwlsl eR]_ wo] se 


Bel_w])m] rR | co]nN ] ory ams] o 


PT eI wl ynlrn nt] aol nis aya 


MPR |e] wo]oyas;n ]oyn 
Wl ml Re] &}] md] ot] co} NN] 


CO} RD] ou; eR] wl] Meyer 


Here A = {1,2,3,4} is the subquasigroup of Q which contains the largest group {1,2} of Q. Aisa 
Smarandache hyper subquasigroup of Q. 

Definition 4.4. Let Q be a finite S-quasigroup. If the order of every subgroup of Q divides the 
order of the S-quasigroup @ then we say Q is a Smarandache Lagrange quasigroup. 

Example 4.5. In the above example 4.4, Q is a S-quasigroup whose only subgroup are {1} 
and {1,2}. Clearly, order of these subgroups divide the order of the quasigroup Q. Thus Q is the 
Smarandache Lagrange quasigroup. 

Definition 4.5. Let Q be a finite S-quasigroup. p is the prime such that p divides the order of 
Q. If there exist a subgroup A of Q of order p or p’, (1 > 1) we say Q has a Smarandache p-Sylow 


subgroup. 
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Example 4.6. Let Q = {1,2,3,4,5,6,7,8} be the quasigroup defined by the following table: 


* 


NI} Oo ]lol as] Ply w]lwmo]drrRirk 


COy;N] RD] orpws Ble] wo] wh 


CLL RD] OI NIwNfP rR] PL w]w 


Dl orynN | opPrRiawmlyl wo] Pe] 


BelPwlmily rR | aol] nN] oul ay ot 


Pl _ eI] wl mol na |; aol ay uyan 


MPR] Ee] w]loy;yal;n] ayn 
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COo;N TD] ot eR |] wy ete 


Consider A = {1,2,3,4} then A is a subgroup of Q whose order 2? divides order of Q. Therefore Q 
has a Smarandache 2-Sylow subgroup. 

Definition 4.6. Let Q be a finite S-quasigroup. An element a € A, a C Q (A a proper subset 
of Q and A is the subgroup under the operation of Q) is said to be a Smarandache Cauchy element of 
Q if a” =1, (r > 1) and 1 is the unit element of A and r divides the order of Q otherwise a is not a 
Smarandache Cauchy element of Q. 

Definition 4.7. Let Q be a finite S-quasigroup if every element in every subgroup of Q is a 
Smarandache Cauchy element of @ then we say that @ is a Smarandache Cauchy quasigroup. 

Example 4.6. In the above example 4.6 there are three subgroup of Q. They are {1}, {1,2} and 
{1, 2,3,4}. Each element in each subgroup is a Smarandache Cauchy element as 17 =27=37=47=1 


in each respective subgroup. Thus Q is a Smarandache Cauchy group. 
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